Abstract. Black holes (BHs) in an inspiraling compact binary system absorb the gravitational-wave (GW) energy and angular-momentum fluxes across their event horizons and this leads to the secular change in their masses and spins during the inspiral phase. The goal of this paper is to present ready-to-use, 3.5 postNewtonian (PN) template families for spinning, non-precessing, binary BH inspirals in quasicircular orbits, including the 2.5PN and 3.5PN horizon-flux contributions as well as the correction due to the secular change in the BH masses and spins through 3.5PN order, respectively, in phase. We show that, for binary BHs observable by Advanced LIGO with high mass ratios (larger than ∼ 10) and large aligned-spins (larger than ∼ 0.7), the mismatch between the frequency-domain template with and without the horizon-flux contribution is typically above the 3% mark. For (supermassive) binary BHs observed by LISA, even a moderate mass-ratios and spins can produce a similar level of the mismatch. Meanwhile, the mismatch due to the secular time variations of the BH masses and spins is well below the 1% mark in both cases, hence this is truly negligible. We also point out that neglecting the cubic-in-spin, point-particle phase term at 3.5PN order would deteriorate the effect of BH absorption in the template.
Introduction and Summary

Goals and motivations:
The first detection of gravitational waves (GWs), GW150914 from binary black holes (BBHs) [1, 2, 3, 4] with the succeeding detection, GW151226 [5] , GW170104 [6] , GW170814 [7] , and a candidate event, LVT151012 [8] , recorded by Advanced LIGO detectors [9, 10, 11 ] opened a new window on physics and the Universe. To perform such GW astrophysics with very high precision in the context of ground-based GW detectors, including Advanced LIGO, Advanced Virgo [12] and KAGRA [13, 14] as well as planned space-based GW detectors such as LISA [15] and (B-)DECIGO [16, 17] , it is now crucial to have extremely accurate predictions of GWs emitted from BBHs to maximize the extraction of physical information from noisy GW signals through the well-known technique of matched filtering; cross correlating the noisy detector output with the theoretical GW waveforms for the expected GW signal (see, e.g., [18] for the algorithm used by LIGO Scientific Collaboration).
The waveforms for BBHs in the early inspiral phase are most accurately modeled within post-Newtonian (PN) theory [19] and there have been rapid progress to push it to high PN orders [20] . For the late inspiral, merger and ringdown phases [8] , the PN models are not applicable and it is mandatory to use the numerical-relativity (NR) simulations based on the breakthrough [21, 22, 23] (see also [24, 25, 26, 27, 28, 29] ) as well as other analytical treatments combined with NR waveforms, including effective-one-body formalism [30, 31, 32, 33, 34, 35, 36, 37] and phenomenological models [38, 39, 40, 41, 42, 43, 44] . The BBH waveform models have been further improved over the years and many applications to detection have already followed. In the context of testing the dynamical sector of general relativity (GR) [45] , for instance, GW150914, GW151226 and GW170104 showed no statistical significant evidence on deviations from PN coefficients of the GW phase predicted by GR [5, 6, 45] . In [46] , GW150914 was directly compared with NR simulations and it was shown that they are mutually consistent. The rate estimation of BBH mergers [47] , the BBH formation astrophysics [48, 49] , and the multi-messenger astronomy [50, 51] are other achievements of GW astrophysics.
In this paper, our primary focus is the improvement of waveforms for BBHs in the early inspiral phase, where the change in the orbital frequency over an orbital period is much smaller than the orbital frequency itself. Given that the gravitational radiation causes the orbits of isolated binary systems to circularize [52, 53] , we will consider only the PN-inspirals in quasicircular orbits with masses m i (i = 1, 2) and (the magnitude of) spins S i that are (anti-)aligned and normal to the orbital plane, but they have an arbitrary mass ratio. (All throughout, we use geometric units, where G = c = 1, with the useful conversion factor 1M ⊙ = 1.477 km = 4.926 × 10 −6 s.) In this adiabatic setup, the GW phase of the dominant harmonic is twice the orbital phase [20] . The orbital phase φ(t) in terms of the PN barycentric time t can be computed by the center-of-mass binding energy E(t ; m i , S i ) and the energy flux of the gravitational radiation carried out to infinity F ∞ (t ; m i , S i ); the state-of-art of their PN approximations including spin effects are reviewed in [20, 54] (see also section 2). Motivated by the Bondi-Sachs massloss formula [55, 56] in full GR, the (orbital-averaged) change rate of E is assumed to be related with F ∞ through the balance equation,
for constant masses m i and spins S i , and this combined with the definition dφ/dt = πf for the GW frequency (of the dominant harmonic) f provides the equation to obtain the evolution of φ(t).
When at least one of the two companions in binaries is a BH, there are additional contributions to computing φ(t), which are due to the slow increase in the BH mass ("tidal heating") and decrease in the BH spin ("tidal torquing") during the inspiral phase [57] in a PN order under consideration: in the PN theory, a term of relative O(v 2n ) where the orbital velocity v defined in terms of the GW frequency f by v ≡ (πmf )
with the total mass of the binary m ≡ m 1 + m 2 is said to be of nth PN order. First, these "heating" and "torquing" are energy and angular-momentum fluxes across the BH horizon, which are known as the horizon fluxes F i H (t ; m i , S i ) [58, 59, 60, 61, 62] (or BH absorption [63, 64, 65] ) to distinguish them from F ∞ . The horizon-flux contributions first appear at 2.5PN order for spinning BHs and 4PN order for non-spinning BHs [58, 60, 66] beyond the leading-order quadrupolar flux. These contributions modify the right hand side of the balance equation (1.1) beyond that order. Second, the absorption of the horizon fluxes leads to a secular change in BH masses m i and spins S i during the inspiral phase. 
imply that the BH masses m i and spins S i in E and F ∞ are no longer secularly constants during the inspiral phase, but they rather slowly evolve as a function of t at 3.5PN order for m i and 2PN order for S i : we recall that the spin effects to the orbital phase first appear at 1.5PN order [20] . Such a 3.5PN order contribution therefore alters the expressions for E and F ∞ †. In fact, this is the same PN order of various higher-order spin effects such as the leading cubic-in-spin terms [67] . In short, the first objective of this work is to construct the PN template families for BBH quasi-circular inspirals that account for the effect of horizon fluxes †The time-dependence of F i H through m i (t) and S i (t) starts from at 6PN order, which is negligible compared to the PN corrections that we consider in this paper. and the secular time variations of the BH masses and spins accumulated in the inspiral phase. Built on this, the second objective of this work is to quantify the importance of corresponding corrections to observe GW signals from BBHs by Advanced LIGO and LISA. While many results have been obtained along those lines in the past [41, 57, 65, 66, 68, 69, 70, 71, 72, 73, 74] , they have considered only the correction due to the horizon flux restricted to various special cases and the emphasis of these works are not always on the application to GW detectors. We improve these results with all possible effects of the BH absorption up to the relative 3.5PN order in the context of arbitrary-mass-ratio BBH inspirals by bringing to bear the mindset and tools of GW data analysis.
Generation of Post-Newtonian waveforms
To this end, in effect, we have the following two modifications in the method to compute the orbital phase φ(t) in the adiabatic approximation; Our discussion in section 3 provides these details.
(i) The corrected binding energy and energy fluxes carried out to infinity E ≡ E(t ; m i (t), S i (t)) , F ∞ ≡ F ∞ (t ; m i (t), S i (t)) .
(1.4)
They account for the modification of E and F ∞ at 3.5PN order due to the secular change in BH masses m i (t) and spins S i (t) during the inspiral phase. The explicit 3.5PN expressions for E and F ∞ as a function of v(f ) (though redefined in terms of the initial total mass m I ; see (3.3) ) are displayed in (3.5) and (3.6), respectively;
(ii) The postulate of the generalized balance equation 5) which equates the change rate in E to F ∞ and the horizon energy flux F i H . By contrast to (1.1), it is important to recognize that the left-hand side expression is the partial derivative with respect to t as the time variation of m i (t) and S i (t) is no longer negligible when taking the total time derivative in E. This generates the additional BH growth factor Γ In section 4, we construct five different PN templates for spinning, non-precessing, BBH inspirals in quasicircular orbits, making use of the corrected binding energy E, the corrected energy flux carried out to infinity F ∞ and the horizon flux F i H combined with the generalized balance equation (1.5) . Our ready-to-use templates keep only the leading PN ("Newtonian") order in the polarized amplitude, but 3.5PN accurate in the phase; they incorporate all known spin terms up to 3.5PN order (except the unknown spin-spin terms of GW tails at 3.5PN order) as well as all possible contributions due to the BH absorption. We view our templates as a direct extension of the so-called Taylor template families (TaylorT1, T2, T3, T4 and F2) without the BH absorption, which are available and implemented in the LALSuite: LSC Algorithm Library Suite; see, e.g., [75, 76, 77, 78, 79] for the non-spinning inspirals, and [54, 80, 81] for the spinning inspirals. Also, our templates could readily used for comparison with NR simulation for BBHs in the high-mass ratio and high-spin regime (e.g., [82, 83, 84] ), or for refining more realistic search templates such as effective-one-body formalism [36, 37] and phenomenological model [44] , including inspiral, merger and ringdown phases as well.
The amplitude and phase of the GW signals carry information about parameters of BBHs, such as masses and spins as well as their location and distance to the GW detectors. Our templates for BBHs therefore provide a natural starting point to investigate the importance of BH absorption to their measurability. Here, we adopt the frequency-domain model TaylorF2 as our illustrative example, and we postpone the comparison of different template families to the future task ‡; the details of TaylorF2 with BH absorption are provided in section 4.5. Since we consider BBHs with (anti-)aligned spins, there is no modulation of the amplitude due to the precession. In this case, the phasing of GWs is much more important than its amplitude for detector applications. Using the standard "stationary phase approximation", the Fourier representation of waveforms is given by [78] 
where f is the GW frequency, the frequency-domain amplitude is expressed as A ∝ M 5/6 Q(angles)/D L with the (initial value of) chirp mass M := (m 1 m 2 ) 3/5 /m 1/5 , a function of all the relevant angles Q(angles) (position of the binary, orientation of the GW detector etc.) and the luminosity distance D L between the inspiraling BBH and an observer. We will calculate the frequency-domain phase Ψ F2 (f ) in (4.37) and (4.39) up to 3.5PN order, and the resulting expression has the structure of §
‡Such study for PN templates without BH absorption were investigated in, e.g., [78, 79, 85] . §It should be noted that the frequency-domain phase Ψ 3.5PN (v) in (1.7) is not valid if the velocity v is larger than a certain value of "pole" v pole because the PN energy flux F ∞ , a basic input for TaylorF2, becomes negative when v v pole for a broad range of the BBH parameters [see section 2.1]. The TaylorF2 hence has to be terminated before reaching the "pole". The precise value of v pole depends on the BBH parameters, and we find that it always satisfies v pole 0.7 to our examination. This indicates that the existence of v pole is mostly irrelevant when dealing with BBHs in the early inspiral phase, but this issue should be borne in mind when one implements (1.7) for various applications (see, e.g., figure 2 ).
in which the total mass m, the symmetric mass ratio ν ≡ (m 1 m 2 )/m 2 and the dimensionless spin parameter χ i ≡ S i /m 2 i are given by their initial values that the waveform begins. In the above expression, the total mass m in the velocity v [recall (1.2)] is now replaced to its initial value, and the constants Ψ c , t c and v reg can be chosen arbitrary. The point-particle phasing function Ψ
F2
∞ accounts for the non-spinning, the spin-orbit, the quadratic-in-spin and the cubic-in-spin contributions ignoring the BH absorption [54, 80] . On the other hand, Ψ
Flux,5 and Ψ
Flux,7 denote the 2.5PN leading order (LO) contribution [74] and the 3.5PN next-to-leading order (NLO) contribution to the GW phase due to the horizon flux, respectively. The remained phasing function Ψ F2 BH,7 represents the 3.5PN correction to the GW phase that is generated by the LO secular change in BH masses and spins during the inspiral phase, and it is suppressed by the prefactor of the mass ratio, 0 ≤ ν ≤ 1/4.
Results 1: the error in GW cycles
A useful estimator to characterize the effects of Ψ BH,7 in the phase (1.7) on the waveforms is the total number of GW cycles N accumulated within a given frequency band of detectors. This is defined in terms of the frequency-domain phase Ψ(f ) by
The substitution of (1.7) into (1.8) gives the relative number of GW cycles ∆N contributed by each term in Ψ 3.5PN and accumulated within the frequency band f ∈ [f min , f max ]. We generally consider that the contribution is likely to be negligible if it is less than one radian. Figure 1 shows the contributions of Ψ BH,7 (including their prefactors in (1.7)) to ∆N Flux,5 , ∆N Flux,7 and ∆N BH,7 , respectively, as a function of the initial value of the mass ratio ν with different initial values of the aligned spins χ 1 = χ 2 accumulated within the GW frequency mf ∈ [0.0035, 0.018] in terms of the initial total mass m. The choice of our frequency band comes from the fact that this agrees with the inspiral portion of the "PhenomD" model [44] and thus it is the most relevant band for plausible BBH parameters measured by ground-based GW detector such as Advanced LIGO, Advanced Virgo and KAGRA. For comparison, we also show the same results for the cubic-in-spin pieces (3v 7 and ∆N SSS become smaller for BBHs with the same magnitude of spins anti-aligned with the orbital angular momentum. These results are consistent with the previous study by Alvi [57] , where for BBHs with the total SSS (Bottom right). A nearly extremely spinning BBH with χ 1,2 = 0.998 is in the Novikov-Thorne limit for BHs spun up by accretion [86] . For ∆N BH,7 and ∆N SSS , their absolute values |∆N BH,7 | and |∆N SSS | are plotted because they become negative in this parameter region. mass m ranging from 5.0M ⊙ to 50.0M ⊙ and aligned spins χ 1,2 = 0.998, only negligible contribution of ∆N Flux,5 is observed.
However, we find that the sum of ∆N Flux,5 and ∆N Flux,7 are marginally nonnegligible for BBHs with high-mass ratio ν 0.05 and high spins χ 1,2 0.90. In figure 1 , we see that NLO (3.5PN) horizon-flux contribution ∆N Flux,7 can be as much as LO (2.5PN) horizon-flux contribution ∆N Flux,5 . The origin of these comparable contributions can be easily understood from the fact that for the given ν and χ 1,2 the NLO phase coefficient Ψ 5 . Because of this, the corresponding NLO horizon-flux term in the integrand (1.8) also becomes larger than the LO horizon-flux term when mf 0.0110 in our case. In fact, the sum of ∆N Flux,5 and ∆N Flux,7 are almost the same as the cubic-in-spin contribution ∆N SSS and they could compensate each other; recall that ∆N SSS is negative while ∆N Flux,5 and ∆N Flux,7 are positive. Therefore, by contrast to the prior belief [57] , the horizon-flux contributions to the number of GW cycles N could be marginally non-negligible when we account for both the LO and NLO terms. For χ 1,2 = 0.998, the upper cutoff of the frequency is mf pole ∼ 0.109, which is smaller than the ISCO frequency mf ISCO ∼ 0.134, to validate TaylorF2 model. Labels are the same as for figure 1, and we plot the absolute value of ∆N BH,7 and ∆N SSS as they become negative in the given parameter region.
, where f ISCO is twice the frequency of the innermost stable circular orbit (ISCO) for Kerr geometry with mass m and aligned equal-spin χ 1,2 [87] , namely,
(1.9) [89, 90, 91, 92] , these results are basically consistent with previous results made by many authors, which showed that for quasicircular, extreme mass-ratio BBH inspirals with ν ∼ 10 −6 and nearly extremal spins the horizon-flux effects significantly increases the duration of inspiral phase [65, 68, 69, 70] .
Meanwhile, figure 2 shows that ∆N BH,7 is negligible even for the LISA-type detector. One would question this result because the scaling ∆N BH,7 ∼ ν −1/4 is expected given the prefactor ν for Ψ F2 BH,7 in (1.7), and it could be pronounced when ν is sufficiently small. However, the explicit calculation shows that its coefficient that depends on the spins is at most O(10 −3 ) even when χ 1,2 = 0.998. Given the range of mass ratio that we consider here, the term ∆N BH,7 ∼ ν −1/4 therefore does not dominate compared to other ν-dependent terms in ∆N BH,7 , which have the positive powers in ν. [18] .
In section 5, we compute an optimized cross-correlation (usually called match [93, 94] ) between the two TaylorF2 waveforms with and without each phase correction Ψ BH,7 due to BH absorption as a measure of template imperfection; the definition of the match is detailed below in section 5.1. The match is weighted by the detector noise spectrum that we hope to observe the GW signal with, and can quantify the faithfulness [95] of our PN template in observing GW signals of BBHs by Advanced LIGO and LISA. A match of unity means that the template is a very precise representation of the target GW signal. A value less than unity means that the template reproduces the signal only imperfectly and hence it is unfaithful. We below consider that the mismatch (≡ 1 -match) due to template imperfection is significant if it is larger than 3% [95] .
We compute the match by taking the target GW signal to be the TaylorF2 waveforms in (1.6) with the complete 3.5PN phase Ψ .7)]. The match for Advanced LIGO accounts for the noise curve of its "zero-detuning, high-power" configuration [96] [see (5.5)], which is the design goal of Advanced LIGO, and we consider the frequencies in the interval mf ∈ [0.0035, 0.018], using the same setup in figure 1 . At the same time, the match for LISA takes into account its latest noise curve [97] , which includes the improvement successfully demonstrated by LISA Pathfinder [98] in figure 2 . The rationale for our choice of the frequency range is that we are interested in analyzing the (dis)agreement of TaylorF2 with and without the correction due to BH absorption, and our interval can provide a baseline for fair comparison between such two different TaylorF2; recall that the different choice for the frequency range affects each template in the same way. A full discussion about mismatch calculation is presented in section 5.2.
For BBHs observable by Advanced LIGO, we summarize the mismatch for each imperfect template with our complete BH-absorption TaylorF2 in figure 3 , assuming that the initial total mass of the BBH is m = 60.0M ⊙ (this corresponds to f ∈ [11.8, 60.9] Hz) for different values of initial aligned-spins. Because the mismatch due to the neglect of Ψ F2 BH,7 is always below the 10 −7 mark even with nearly extremal aligned-spins χ 1,2 = 0.998, the corresponding mismatch is not displayed here.
Overall, the mismatch in figure 3 follows the similar trend for the relative contribution to GW cycles ∆N in figure 1 and supports the broader conclusion that we can draw from it; the effects BH absorption on GWs are significant for high- We emphasize that the mismatch in figure 3 is only indicative; the resulting mismatch depends on the upper and lower cutoff frequencies that we consider here. Their interpretation in the context of actual GW search is thus delicate. For instance, if we instead take the frequency interval mf ∈ [0.0035, mf ISCO/pole ], the mismatch plotted in figure 3 is increased by a factor of O (10) . In this case, the mismatch due to neglecting Ψ Table IV of [57] . Focusing on his configurations m = 20(50)M ⊙ with the mass ratio ν = {0.25, 0.22, 0.16} (corresponding to his choice m 2 /m 1 = {1, 2, 4}), however, we find that the neglect of Ψ F2 Flux,5 accumulated in the same frequency range produces the mismatch 0.74%(0.37%), 1.7%(0.87%) and 7.1%(3.8%), respectively. While these values have no direct implication to an actual GW search for BBHs, we feel that more investigation would be needed to assess if the corrections Ψ H,all in a realistic template are truly too small to be observed in current ground-based detectors, including Advanced LIGO/Virgo and KAGRA. Figure 4 is similar to figure 3 except that it summarizes the mismatch of each imperfect template for supermassive BBHs observable by LISA, assuming that the initial total mass of the BBHs is m = 10 6 M ⊙ (corresponding, e.g., f 0.022Hz for nearly extremal aligned-spins χ 1,2 = 0.998). Because our TaylorF2 is not expected to be reliable for very high mass-ratio configuration (ν O(10 −2 )), we only consider supermassive BBHs with low mass-ratio in the range ν ∈ [0.10, 0.25] ¶. As was the case ¶Although our analysis is not expected to be valid for BBHs in high mass-ratio regime, we point out that all mismatch becomes above the O(10)% mark irrespective to the value of χ 1,2 : except for that due to the neglect of Ψ F2 BH,7 , which is always below the O(10 −3 )% mark. This is expected from figure 2 because the large phase difference between two templates could easily produce the significant for BBHs observable by Advanced LIGO, figure 4 supports the broader conclusion that we can draw from the figure 2, which showed the relative contribution to GW cycles ∆N; the mismatch due to the neglect Ψ F2 H,all is significant when supermassive BBHs is in almost equal-mass regime ν 0.19 with nearly extremal aligned-spins χ 1,2 0.998 as well as in the moderate mass-ratio regime ν 0.10 with large aligned-spins χ 1,2 0.70. For the case of LISA, we also see that the mismatch from neglecting Ψ F2 Flux,7 can become significant if the BBH is at large mass ratio ν ∼ 0.1 with nearly extremal alignedspins χ 1,2 0.998. This suggests that the NLO contribution Ψ F2 Flux,7 is likely to be as important as LO contribution Ψ F2 Flux,5 for measuring high-mass-ratio, high-aligned-spin supermassive BBHs. However, the mismatch due to the neglect of Ψ F2 BH,7 never becomes significant for all supermasiive BBHs that we consider here. The resulting mismatch is always below 10 −5 mark, and we therefore do not plot it in figure 4. It is interesting to observe that for supermassive BBHs in the large-spin regime (χ 1,2 0.70), the mismatch from neglecting Ψ F2 SSS depends on the mass ratio only weakly. It becomes therefore significant over the full range of mass ratios. In addition, Ψ Before concluding our paper, once more, we should point out that the mismatch presented in figure 4 is only indicative as its value is quite sensitive to our choice of the frequency range. If the upper cutoff frequency is instead chosen as twice of the frequency of the ISCO of the Schwarzschild space time mf ISCO,Sch (∼ 0.022) ≪ mf pole (∼ 0.109) [recall (1.9)], all mismatch plotted in figure. 4 is decreased by a factor of O(10). We find, nevertheless, that our results give a useful idea about the impact of BH absorption in the context of LISA, and we expect this helps future modeling efforts for GWs from suppermassive BBHs.
In summary, we found the following four main results: H,all , thus should not be neglected when one includes the correction due to BH absorption to PN templates.
A note on the limitation of this work-Our work is intended as a proof-of-principle, hence there are various limitations, which are summarized as follows.
First, our templates did not account for the precession effects in BBHs; despite its importance, for example, in the detection of BBHs by Advanced LIGO [99, 100] , the (PN) computation of the horizon flux for the spin-precessing BBHs is beyond the current state of the art, even in the test spinning-particle limit. Second, we considered only the dominant (2, 2) spin-weighted-spherical-harmonic mode of GW waveforms, and neglected the contribution from their higher harmonics. For the case of BBH with high-mass-ratio and high-spins, these modes can be significant during the last stages of inspiral [80] and the corresponding systematic errors to the templates due to neglecting such higher modes become larger [101, 102] . While the main goal of this paper motivates us to limit the scope to the dominant (2, 2) mode, our work could be improved by the corrections from these higher modes, for instance, making use of the method recently proposed in [103] . Third, although there have been highly accurate predictions for inspiral, merger and ringdown gravitational waveforms for BBHs, we did not use the effective-one-body waveforms [37] or the phenomenological (so-called PhenomD) waveforms [44] as our reference GW signals. As seen in figures 3 and 4, the corrections to the template due to BH absorption become most significant in high-massratio regime with high aligned-spins, but very few NR simulation is currently available there. These models therefore are not well calibrated for such "extreme" BBHs. Given the spirit of this work, we rather focus on only the (early) inspiral phase, sticking to use the simple TaylarF2 model in the GW frequency range mf ≤ 0.018 for Advanced LIGO and f ≤ f ISCO for LISA. In these cases, the resulting matches would be difficult to interpret as they have no immediate application in actual GW searches for BBHs, but they provide a conceptually clean setup to study the impact of BH absorption on the template.
Despite such limitations, we feel that our findings in this paper would motivate further explorations of GW data-analysis tasks for spinning, non-precessing BBHs. The impact of BH absorption for parameter-estimate predictions for LIGO-type and LISAtype detectors could be investigated in future work. The issue of the corresponding systematic biases in (PN) template families due to the effect of BH absorption would be also a relevant extension of our work; systematic errors in GW observations was already discussed in the context of neutron-star binaries [104, 105, 106] as well as BBHs [27, 107, 108] .
In the remainder of the paper, we detail the results presented above. In section 2, we summarize the PN expressions for the center-of-mass binding energy, the GW energy flux to infinity and the horizon energy fluxes. Then, the secular change in BH masses and spins is calculated. In section 3, we present the corrected binding energy and GW energy flux as well as the generalized balance equation that include the appropriate effects of the secular change in the BH mass and spin during the inspiral phase. The PN template families from the generalized balance equation are given in section 4. Finally in section 5 we calculate the match between frequency-domain PN templates with and without the effect of BH absorption. The mismatch for other BBH configurations that were not covered in this section are displayed in section 5.3.
The PN approximants
For the convenience of the reader, we in this section recapitulate the explicit 3.5PN expressions for the center-of-mass binding energy E, the GW energy flux carried out to infinity F ∞ and the horizon energy (and angular momentum) fluxes F i H (i = 1, 2) for the pinning, non-precessing quasicircular BBH with constant masses m i and constantin-magnitude spin vectors S i , beyond their LO Newtonian terms. We shall import many relevant results from the review [20] and references [62, 67, 109] as well as literatures cited in these references. We then compute the LO PN expressions for the secular change in the BH mass and spin during the inspiral phase, which are at 3.5PN and 2PN order, respectively.
Following the notation used in [20] , we define the projected value of the spin vectors S i along the unit normal ℓ to the orbital plane by S i ≡ S i · ℓ, and introduce two combinations of them:
where X i ≡ m i /m. We here also introduce the dimensionless spin parameter χ i by
In our notation, the spin parameter takes −1 < χ i < 1; its positive (negative) value corresponds to the aligned (anti-aligned) configuration with respect to the orbital angular momentum of the binary. Assuming m 1 < m 2 , (2.1) and (2.2) are related by
3)
which can be inverted to give
where
2.1. The binding energy and the energy flux emitted to the infinity Schematically, the 3.5PN binding energy is expressed as
where E NS , E SO , E SS and E SSS denote the non-spinning, spin-orbit (SO, linear-in-spin), spin-spin (SS, quadratic-in-spin), and spin-spin-spin (SSS, cubic-in-spin) contributions to E and all depend on the parameters m, ν, S ℓ and Σ ℓ as a function of v. Their explicit expressions are provided in (232) and (415) of [20] for E NS and E SO respectively, in (3.33) of [109] for E SS and in (6.17) of [67] for E SSS . The expressions for E SS and E SSS include constants κ ± and λ ± that characterize the deformation of a small object in a binary due to its own spin angular-momentum, and they take κ + = λ + = 2 and κ − = λ − = 0 for a BBH [67, 109] . The expressions are then given by
The 4PN expression for E NS is recently computed in [110, 111, 112] .
We note that E is complete up to the relative 3.5PN order. Similarly, the 3.5PN energy flux associated with gravitational radiation carried out to infinity is written as
where F NS , F SO , F SS and F SSS denote the non-spinning, SO, SS, and SSS parts of F ∞ and all depend on the parameters m, ν, S ℓ and Σ ℓ as a function of v. Their explicit expressions are provided in (314) and (414) of [20] for F NS and F SO * * respectively, in (4.14) of [109] for F SS and in (6.19) of [67] for F SSS . Once again setting κ ± and λ ± in F SS and F SSS as κ + = λ + = 2 and κ − = λ − = 0, their expressions for a BBH read 
, * * The 4PN expression for F SO is also available in [113] .
where γ E = 0.577 . . . are Euler constant. As we indicated in F SS with the term of O(v 3 ), F ∞ is incomplete because its 1.5PN terms due to the SS tail contribution, which affects F ∞ at the 3.5PN order, are still unknown [109] , except those in the test-particle limit ν → 0 [114, 115, 116] . These terms have yet to be computed in the future.
In addition, we note that F ∞ has a pole at v = v pole and become even negative when v > v pole . This unphysical behavior was first pointed out in the test-particle limit [117, 118] , and the same issue happens for the finite-mass case. Fortunately, our examination suggests v pole 0.70 for a broad range of the BBH parameters, where the PN expansion will lose accuracy [89, 90, 91] , and it should be taken over by the result from NR simulations. Moreover, if we compare the value of v pole to the nominal value of the ISCO of the Kerr metric [recall (1.9)] with mass m and (dimensionless) effective spin χ eff adopted in the phenomenological ("Phenom") model [40, 41, 44] 
we have v ISCO 0.70 only when χ eff 0.98. These results assure that the pole in F ∞ is not a serious obstacle in modeling BBHs during the inspiral phase except each individual BH has the nearly extremal spins, reaching the Novikov-Thorne limit χ 1,2 = 0.998 for BHs spun up by accretion [86] .
The horizon fluxes
Reference [62] provides the ready-to-use formulas of the horizon energy and angularmomentum fluxes for a BH in a quasicircular BBH, up to 1.5PN order beyond the LO horizon fluxes, which are at 2.5PN order beyond the quadrupolar fluxes. While their expressions at the relative 1.5PN order do not recover the expressions in the test-particle limit ν → 0 [65, 68] † †, for the purpose of our analysis at the 3.5PN accuracy level, we only need them up to the relative 1PN order that do agree with the test-mass results. Importing the results in (42) and (43) of [62] , the horizon energy and angular-momentum fluxes for the spinning, non-precessing, quasicircular BBH are defined by
and
12) † †Strictly speaking, the test-particle limit in this sentence refers to the case where a point particle is assumed to be non-spinning. For the case of the horizon fluxes emitted from a spinning test-particle on the circular equatorial orbit in Kerr spacetime, the current state of the art is a numerical work by Han [119] as well as an analytical work by Sago and Fujita [116] to 6PN order beyond the quadrupolar fluxes, although Han's result is controversial [120] .
respectively; the angular-bracket operation in (2.11) and (2.12) indicates the long-term average [58] . Here, t is the PN barycentric time, the angular velocity of the tidal field Ω tidal is
with ǫ i = +1 (−1) if the orbital and spin angular momentum of the unperturbed BH are aligned (anti-aligned), the angular velocity of the unperturbed Kerr BH is 14) and [recall that
For the purpose of computing a change in the BH mass and spin, it is more useful to write the horizon fluxes in terms of the velocity v, which is a coordinate-invariant parameter. Once again importing the results in (46) and (47) of [62] , they are given by
It should be noted that (2.11) and (2.16) are displayed in factorized-resumed forms because of the factor Ω H − Ω tidal . As a result, these expressions include uncontrolled 1.5PN remainders of O(v 3 ), which are not allowed to keep in our analysis. To avoid contamination with such uncontrolled higher PN-order terms, we substitute (2.13) and (2.14) into (2.11) and (2.16) and then re-expand them in the power of v. The resulting power series is then explicitly truncated at the relative 1PN order beyond the LO horizon fluxes, which gives
18) ).] In the rest of our analysis, we use only these fully expanded forms as the horizon energy fluxes and similarly for the horizon angular-momentum fluxes.
Mass and spin evolution of a spinning black hole in the quasicircular BBH
The flux formulas in (2.19) can be solved iteratively to give the secular changes in m i and S i during the inspiral phase as a function of v. When we compute the LO solutions of the secular changes, the quantities m, ν and χ i that appear in the righthand-side expressions of (2.19) are taken to be constants and hence we can integrate them immediately. Making use of the relation ǫ i |S i | = S i , the LO solutions in terms of the parameters m, ν, S ℓ and Σ ℓ in (2.6) and (2.8) are given by
Here, the quantities m I , ν I , S 
with coefficients
Here, s I i and ∆ I are the initial values of parameters s i and ∆, respectively; recall (2.5) and (2.20) . We note that (2.22) and (2.23) are at 3.5PN and 2PN orders, respectively, and both vanish in the test-particle limit ν → 0. and δν(v) = δΣ(v) = 0. Interestingly, the current NR simulation for BBHs is matured enough to measure such order of the change in mass and spin of each individual BH at late time in the inspiral (although depending on the numerical resolution and simulation parameters [121, 122] ). Therefore, the inclusion of such secular effects would be useful for a future comparison between simulation and PN models.
The adiabatic approximation with the black-hole absorption effect
In this section, we consider how the PN binding energy E in (2.6), the PN energy flux to infinity F ∞ in (2.8) and the balance equation in (1.1) are altered due to the horizon flux F i H in (2.18) for each BH in a BBH and the corresponding secular change in its mass and spin (2.21). They will be the basic inputs for modeling the BBH inspirals in the adiabatic approximation, including the effects of BH absorption.
The corrected PN binding energy and energy flux
The PN method to deduce the expressions for E in (2.6) and F ∞ in (2.8) are based on binary systems of spinning point particles with constant masses and spins, not on those of extended bodies (or tidally perturbed BHs) with time-dependent masses m i (t) and spins S i (t) as a function of PN barycentric time t. At the same time, however, we recall that LO multipoles of the PN metric around each spinning particle for such E and F ∞ are chosen so that they coincide with the expressions for an isolated Kerr BH [67, 109] . Motivated by the above fact, it seems then natural to assume that the PN binding energy E and the PN GW energy fluxes F ∞ of a BBH with the time-dependent mass m i (t) and spin S i (t) of each individual BH are obtained through (2.6) and (2.8) with a simple substitution,
We will content ourselves with this assumption ‡ ‡ in this paper. In practice, it is more convenient to adopt the velocity v rather than t because the explicit expressions for E and F ∞ as well as the secular changes in m i (t) and S i (t) in (2.21) are all given as functions of the velocity v(t). The subtle point here is the time-dependence of v through the secularly evolving total mass m(t) [recall (1.2)]. We clarify this by introducing a convenient "velocity" parameter
2) ‡ ‡This assumption might be rigorously proved if we would start from a formulation for the PN two-body problem where the small body are directly modeled as an extended object [123] .
while we redefine the original velocity v in terms of the initial value of the total mass
They are mutually related to each other through 4) and the difference is of order 3.5PN; recall (2.21). The substitution (3.1) thus implies the additional insertion v → V for E(v) and
Keeping this in mind, the steps required to compute the PN expressions for the corrected binding energy E(v) and the energy flux F ∞ (v) with BH absorption are as follows. We first compute E(V) and F ∞ (V), making use of the substitution (3.1) as well as v → V into (2.6) and (2.8). It should be noted that the difference in the parameterizations for time-dependent BH masses and spins are all negligible up to the relative 5.5PN order; recall from (3.4) 
. Next, we re-expand the resulting expression in the power of v, making use of (3.4). After a simple algebra, we find that the explicit 3.5PN expressions for E(v) and F ∞ (v) are given by
Here, the non-absorption (point-particle) terms E I and F 
with the initial value of s I i in (2.20) and coefficients 
The generalized balance equation
We next generalize the PN balance equation in (1.1) to relate the corrected 3.5PN binding energy E to the corrected 3.5PN energy flux F ∞ , incorporating the horizon flux F i H . Our main objective with this subsection is to fully clarify the assumptions that were (implicitly) made for the PN balance equation with the horizon flux in the literature, and to show how they are naturally generalized for additionally including the secular change in BH masses and spins accumulated in the inspiral phase. The following is patterned after a similar discussion produced by Le Tiec, Blanchet and Whiting [124] .
A starting point for our analysis is the Bondi-Sachs mass-loss formula in full GR [55, 56] :
where M B (U) is the Bondi mass of the system at a null retarded-time coordinate U ≡ T − R associated with an asymptotically Bondi-type coordinate system {T, R}, and F ∞ ≡ I + |N | 2 dΩ is the (exact) GW energy flux given by the surface integral at future null infinity I + of the News function N . Applying (3.11) to the case of a gravitationally bound isolated system such as a BBH, in principle, the generalized PN balance law for E, F ∞ and F i H should be derived through the implementation of (3.11) in the PN theory.
However, such derivation is quite nontrivial because the Bondi mass M B (U) is not a priori guaranteed to be related with the corrected PN binding energy E. In fact, these two notions of mass (or energy) is conceptually different: for asymptotically flat spacetimes M B (U) is defined in the full GR as a surface integral at future null infinity while E (or rather E for spinning point-particle binaries) is defined by one of the ten Noether charges associated with the Poincaré group symmetries of the specific background Minkowski metric, which involves the near-zone PN metric produced by the conservative part of the orbital dynamics of a BBH only (discarding the dissipative radiation-reaction effect). Clearly, neither the background Minkowski spacetime or the clear distinction between the conservative and dissipative parts of the orbital dynamics does not exist in full GR.
Our aim in this section is not to provide a rigorous proof of such identification M B (U) to E, following from first principles in GR. Instead, motivated by the similarity between the PN balance formula (1.1) and the exact mass-loss formula (3.11) § §, we rather postulate that there exists a spacelike hypersurface t = const. in terms of the PN barycentric time t such that
where m i (t) is the Christodoulou mass of each tidally perturbed BH in a BBH defined in terms of its apparent horizon (see, e.g., [126] for its precise definition in the context of NR simulation). It should be emphasized that the identification (3.12) is not always unique because there is no unique way in relating the outgoing null coordinate U in an asymptotically Bondi-type coordinate system to a time-coordinate in the near-zone of the PN source. Despite that, the recent comparison of the binding energy for a BBH between the PN theory and NR simulations suggests that the identification (3.12) might be sound and natural [127, 128, 129] . Henceforth, we will thus admit the validity of (3.12) to the relative 3.5PN order. Based on the above observation, the generalized balance equation is now obtained simply by inserting (3.12) into (3.11). The (orbital-averaged) result reads
where F i H is the horizon energy flux in (2.11). This is just the standard balance law used in the past, accounting for F i H [57, 65, 68, 69, 70, 74] . In addition to its physically obvious character, this indeed recovers (1.1) when F i H are absent and the mass and spin of each BH in a BBH are constant. Recall (2.11) that F i H starts from 2.5PN order beyond the LO quadrupolar piece of F ∞ for a spinning BH. They therefore affects the right hand side of (3.13) at that accuracy level. At the same time, the total time-derivative of E is evaluated as (taking the average over a orbital period)
where we used (2.12); recall that E(t) = E(v(t) ; m i (v(t)), S i (v(t))) and (∂E/∂t) m, S = (dv/dt)(∂E/∂v) m, S . Equations (2.18) and (3.5) indicate that
, which means that m i (t) and S i (t) in E(t) separately affects the left hand side of (3.13) at the 3.5PN accuracy level, in addition to the contribution from F i H to its right hand side. For the construction of GW models, it would be more convenient to rewrite (3.13), making use of (2.11) and (3.14) together with the expressions in (3.5) and (3.6). A simple calculation gives ∂E ∂t m, S = −F eff (v) , (3.15) § §The PN balance equation (1.1) is proved up to the relative 1.5PN order for generic gravitationally bound isolated matter source [125] .
where we define the effective flux by 16) with the BH's growth factor
H is once again at 3.5PN order beyond their LO Newtonian terms, and vanishes in the test-particle limit ν → 0 [recall (2.5) and (2.18)].
The expression in (3.15) is the same as what was given in (1.5). Once again, this is practically useful because it involves only the partial derivative with respect to t, keeping m i (t) and S i (t) fixed. Furthermore, its explicit dependence on m i (t) and S i (t) only appears through their initial values, that is, m I , ν I , S I ℓ and Σ I ℓ . In this sense, the generalized balance equation (3.15) is a simple superseding of the original balance equation in (1.1) with the substitution (E, F ∞ ) → (E, F eff ) when we wish to account for all effects of BH absorption.
The PN template families with the effects of BH absorption
Using the generalized balance equation presented in (3.15), we in this section construct a family of ready-to-use PN templates for a spinning, non-precessing, quasicircular BBH for all mass scales, including the effect of both the horizon flux and the secular change in the BH mass and spin accumulated in the inspiral phase.
The part of our PN templates without the effects of BH absorption (nonabsorption, point-particle part) incorporates all 3.5PN corrections currently available in the literature, that is, we include the non-spinning, SO, SS and SSS terms up to the relative 3.5PN order beyond the Newtonian order. In addition, the BH absorption part of templates incorporates the contribution from the horizon energy flux F i H in (2.11) up to 3.5PN order beyond the LO quadrupolar flux and that from the LO (3.5PN) secular change in the BH mass and spin in (2.21) . This provides the entirely consistent 3.5PN templates for BBH inspirals with the effects of BH absorption: except the unknown SS pieces of the GW tails at 3.5PN order in F ∞ that have yet to be computed ¶ ¶.
In the adiabatic approximation, the master equation of the model is the evolution equation for the orbital phase φ(t). Together with the definition dφ/dt = πf for the GW frequency (of the dominant harmonic) f , the generalized balance equation in (3.15) can be used to give
1) ¶ ¶The horizon flux F i H in (2.11) and the secular change in the BH mass and spin in (2.21) involve only the SO and SSS terms. This is consistent with the spin effects considered in the non-absorption, point-particle part of our 3.5PN templates.
where the corrected binding energy E and the effective flux F eff are given in (3.5) and (3.16), respectively. Notice that our set of differential equations (4.1) and (4.2) is designed so that it explicitly depends only on the initial values of masses and spins of the BBH systems.
Once we obtain the solutions v(t) and φ(t), they can be then used to construct the strain of the so-called restricted waveforms h(t) (for the dominant (2, 2) mode of the spin-weighted spherical harmonic index), for which we write
with antenna pattern functions of the detector F + and F × as well as the plus and cross polarizations
where D L is the luminosity distance between the inspiraling BBH system and an observer, Θ is the inclination angle between the direction of the GW propagation and the orbital angular momentum, and ω = πf is the circular-orbit frequency of the BBH. To ease the comparison between our templates and those without BH absorption available in literature [54, 75, 76, 77, 78, 79, 80, 81] , we below follow the naming convention of [78] (with the exception of TaylorEt [130, 131, 132] , which we do not discuss in this paper). We shall provide explicit 3.5PN expressions for the spindependent terms in the non-absorption part and for full BH absorption part of the template; the complete expressions for the spin-independent terms in the non-absorption part can be found in [78] up to 3.5PN order, and [79] up to 22PN order in the test-particle limit ν → 0.
Our presentation in this section is largely patterned after Buonanno et al. [78] and Ajith [136] . For improved readability, we will thereafter drop the indices 'I' for the initial values of quantities and use the symmetric and anti-symmetric combination of a spin parameter χ i , namely,
They are straightforwardly converted to S ℓ and Σ ℓ through (2.4) (and vice versa via (2.3)).
TaylorT1
We define the TaylorT1 approximant for the orbital phase φ T1 (t) by the solution of the set of differential equations in (4.1) and (4.2), leaving the PN expressions for E and F eff as they appear in these equations as a ratio of polynomials. The solution φ T1 (t) can be obtained by numerically solving (4.1) and (4.2) with respect to v.
We usually chose v T1 = v 0 with the total mass m at t = 0 as initial conditions, and set up the initial phase φ T1 = φ 0 to be either 0 or π/2. Also, the waveform should be terminated before v T1 reaches its nominal value of v ISCO , which may be the ISCO of the Kerr metric with the final value of the total mass m(v ISCO ) and effective spin χ eff (v ISCO ) [recall (2.10)], or the pole v pole ∼ 0.70 in the PN energy flux F ∞ if v ISCO is larger than v pole .
In this paper, we do not compute the numerical solutions v T1 (t) and φ T1 (t), but it could be straightforwardly obtained without any technical obstacle. A resummation method may be also useful [118, 133, 134] to avoid v pole and to improve the convergence as well as accuracy of F ∞ .
TaylorT4
TaylorT4 model without BH absorption is originally proposed in [135] . Built on this, we define TaylorT4 approximant of the orbital phase φ T4 (t) with BH absorption by expanding the ratio of polynomials F eff /(∂E/∂v) m, S in (4.2) to a consistent PN order, which is 3.5PN order in our calculation, and then numerically solving (4.1) together with the obtained PN approximant of v T4 (t) as input. We divide, for convenience, dv
The no-absorption term dv
after expanding the ratio of polynomials F ∞ /(dE/dv) up to 3.5PN order [recall (2.6) and (2.8)]. The result has the following structure Inserting the numerical solution of (4.6) into (4.1), we then obtain TaylorT4 approximation of the orbital phase φ T4 (t). The initial and terminating conditions for TaylorT4 can be set up the same as those in the case of TaylorT1. We emphasize that the formula (4.6) is not valid beyond v T4 (t) v pole although its right hand side is a regular function of v.
TaylorT2
TaylorT2 approximant is based on the equivalent differential forms of (4.1) and (4.2), which are now expressed in terms of v as
The right hand side of each expression is re-expanded as a single Taylor expansion in the power of v and truncated at 3.5PN order in our calculation. The above differential equations are then integrated analytically to give the closed form solutions φ T2 (v) and t T2 (v).
Following section 4.2, we write for the full solution by
where t 20) and We note that t T2 ref in (4.14) has to be chosen to satisfy t T2 (v 0 ) = 0 with the initial condition v = v 0 while φ T2 ref is arbitrary, typically taken as either 0 or π/2. Also, both of our solutions in (4.13) and (4.14) are valid only when v < v pole and they should not be extended all the way to v ISCO if v pole ≤ v ISCO for given spins χ a,s .
TaylorT3
TaylorT3 approximant is the "inverse" of TaylorT2 [137] . That is, TaylorT2 expression t T2 (v) in (4.14) is explicitly inverted to obtain TaylorT3 expression v T3 (θ), where we define the dimensionless time variable
Then, v T3 (θ) is used to obtain an explicit TaylorT3-representation of the orbital phase
. The above procedure yields TaylorT3 approximants: Furthermore, we note that the evolution of F T3 (θ) is not monotonic. In fact, F T3 (v(θ)) begins to decrease before v reaches v ISCO (or v pole ) and even less than zero between v ISCO and v pole . This unphysical behavior is reported in [78] for the non-spinning case, and we find the same appears for the spinning cases in general. Therefore, TaylorT3 evolution must be terminated before either at θ fin such that (dF T3 /dθ) = 0 or θ pole if they are smaller than the nominal value such as θ ISCO .
TaylorF2
TaylorF2 is an approximation for waveforms in the frequency domain, which is the most commonly used for the purpose of GW data analysis and other application. Using the stationary phase approximation, the frequency-domain waveform can be computed from the Fourier representation of the time-domain waveform, which may be written as [54, 76, 80, 136] 
with the frequency-domain amplitude [recall (4.4) in the above]
Here, C is a numerical constant that depends on the relative position and inclination of the inspiraling BBH system with respect to the detector, and F (v f ) = v GW frequency of the dominant (2, 2) spin-weighted-spherical harmonic mode evaluated at the saddle point v f [recall (3.
3)].
In the adiabatic approximation, the time derivative of F (v) can be written as 33) and its PN expansion is simply obtained by the corresponding TaylorT4 expression of dv T4 /dt in (4.6). Then, the substitution of this back into (4.32) gives a closed analytic expression of the amplitude A F2 (f ) up to 3.5PN order. However, we note that the higher PN corrections in A F2 (f ) do not come from that to the (time-domain) amplitude of the waveform, which is truncated at the Newtonian order in (4.31) . The time-domain amplitude is currently only available to the 3PN accuracy for the non-spinning terms [138] , and the 2PN accuracy for the SO and SS terms [139] beyond the Newtonian order * * * . This means that the frequency-domain amplitude A F2 (f ) is incomplete beyond 2PN order unless we include appropriate higher PN contributions to the time-domain amplitude, but, unfortunately, they are beyond the present state-of-the-art. We therefore do not list the explicit PN expressions of A F2 (f ) here, but it can be straightforwardly obtained using the result in this paper. See (5.7) in [136] for the explicit 3.5PN expression for A F2 (f ), but including the SO and SS terms only up to 2.5PN order. The complete expressions for the frequency-domain amplitude to 2PN order, which are calculated from the corresponding 2PN time-domain amplitude with all possible spin effects, are also listed in (8a) -(8c) in [54] and Appendix. D of [80] .
The frequency-domain phase Ψ SPA (f ) in (4.31) is obtained by solving the following set of equations:
In these equations, the expression (∂E/∂v) m, S and F eff (v) can be obtained from (3.5) and (3.16) , respectively. If we leave the PN expression of (∂E/∂v) m, S /F eff (v) as a ratio of polynomials, as is done for TaylorT1 in section 4.1, the numerical integration of (4.34) gives TaylorF1 approximant of the phase Ψ F1 SPA (f ). On the other hand, if we re-expand (∂E/∂v) m, S /F eff (v) as a single Taylor expansion in v and truncated at the appropriate PN order, which is 3.5PN order in our calculation, the solution produces the closed form TaylorF2 expression of the phase Ψ F2 SPA (f ). Similar to (4.13), we write for the full solution,
where the constants t c and Φ c can be chosen arbitrary. The non-absorption part of the phase Ψ
F2
∞ is obtained by solving the differential equations
in which we expand the ratio of polynomials (∂E/∂v) m, S /F ∞ to 3.5PN order. The solution may have the structure of 37) [recall that v = (πm I f ) 1/3 ]. The explicit 3.5PN expression for Ψ
NS is given in (3.18) of [78] . Ψ F2 ∞ with all possible spin-dependent contributions up to 3.5PN order can be obtained from (6a) -(6c) in [54] together with (6.22) in [80] (see also [44, 81] ), but we repeat it here for completeness adopting our notation: 
The match between waveforms with and without black-hole absorption
The inspiral PN templates (Taylor template families) constructed in the preceding section 4 allow to have a more quantitative estimate of the importance of the BH absorption in the context of GW data analysis. In this section, after a brief introduction of the matched filtering we compute the match [93, 94] between the frequency-domain PN template TaylorF2 [see section 4.5] with and without each effect of BH absorption, namely, the horizon flux and the secular change in the BH mass and spin accumulated in the inspiral phase. The macth allows to quantify the difference between two waveforms with the mindset of GW data analysis, and measures the "faithfulness" [95] of TaylorF2 templates with BH absorption in detecting GW signals of BBHs by Advanced LIGO and LISA.
Matched filtering
We first flesh out the basic of matched filtering in the GW data analysis. The material covered in this subsection is fairly standard for the literature and our presentation is largely patterned after Ajith [136] . Suppose that h(t; λ) is the GW signal observed in a detector, depending on the set of physical parameters of the source λ; e.g., they are initial masses and spins of each BH in BBHs in our case. We assume that the detector noise n(t) follows a stationary, zero-mean Gaussian distribution, characterized by its (one-sided) power spectral density (PSD) S h (f ) † † †. Then, the (frequency) overlap between two GW signals h 1,2 (t) in terms of the noise-weighted inner product is defined by [146] 
whereh 1,2 (f ) is the Fourier transforms of the real functions h 1,2 (t), the asterisk denotes its complex conjugate and {f min , f max } are certain cutoff frequencies determined by the setup that we consider; the frequency ranges used in our analysis for Advanced LIGO and LISA will be described in section 5.2.
In short, the GW data analysis problem is extracting a specific GW signal h(t; λ) buried in noisy detector data, say, d(t) ≡ h(t; λ) + n(t) [assuming that the noise is additive]. Under above assumption, it is known that the optimal filter for detecting h(t; λ) in a date stream d(t) is the matched filter [18] ; h(t; λ) is cross-correlated with d(t). The matched-filter output is the overlap (5.1) between the given normalized (filter) templateĥ(f ) ≡h(f )/ h, h and the data d(t)
This defines the signal-to-noise ratio (SNR) for the filter h(t; λ), and it is known that this is maximized (optimized) when the template parameters λ match those of the actual GW signals. Namely, the optimal SNR for h(t; λ) is given by ρ opt ≡ h(λ), h(λ) 1/2 . The templates and GW signals in data stream depend on the set of intrinsic physical parameters of the BBH λ and its orientation relative to the detector as well as two extrinsic parameters Ψ c and t c [93, 147] , which are the time and GW phase when the BBH is coalescence. In general, a matched-filtering search for GW signals can be computationally expensive because of the large variety of possible waveforms to be filtered. Because none of these parameters for GW signals are basically known a priori, we can afford to tolerate the systematic errors in unknown parameters Ψ c , t c and/or λ of the templates and we are at liberty to maximize the amplitude of the SNR ρ over them. This reduces the computational cost of the matched-filtering search, but still we have to investigate how much the SNR is lost by using templates that have "wrong" parameter values of the target GW signals.
A good measure for such loss of SNR is the match [93, 94] ‡ ‡ ‡. Consider the template x(Ψ c , t c , λ) with intrinsic physical parameters λ and the extrinsic parameters Ψ c and t c as well as the target GW signal h(λ ′ ) with (another) intrinsic † † †In this paper, we do not consider the time-dependence of the noise property and non-Gaussian noise, both of which are observed in the real instrumental data [144] . This is another limitations of our work. In that case, more advanced methods to better discriminate signals from noise is required (see, e.g., [18, 145] ).
‡ ‡ ‡Recall that the match is different from the fitting factor; the fitting factor is defined by the optimized match over all the template parameters λ [148] .
physical parameters λ ′ in the data stream; the value of time-of-coalescence t ′ c and the corresponding coalescence GW phase Ψ ′ c for the target GW signal are assumed to be zero. Then, the match is defined by the overlap (5.1) between the normalized templatê x(Ψ c , t c , λ) and the normalized GW signalĥ(λ ′ ) maximized over Ψ c and t c :
This measures the fraction of the "optimal SNR" for h(λ ′ ) using the template x(λ). We generally say that x(λ) with high values of match (match 0.97) are "effectual" in detection and faithful in estimating the intrinsic parameters of h(λ ′ ) [95] . This is the criteria for the template imperfection that we adopted in section 1.4.
Computing the match
To compute the match (5.3), one must first provide a reference GW signal h(λ ′ ) and a set of templates x(Ψ c , t c , λ). Because the match is most efficiently computed in the frequency domain, we model h(λ ′ ) and x(Ψ c , t c , λ) using the the so-called "restrictedNewtonian", frequency-domain, 3.5PN TaylorF2 waveforms constructed in section 4.5 [recall (1.6) and (4.31)]: In the non-precessing case such as ours, the intrinsic parameters λ for the BBH are the initial values of the total mass m, the symmetric mass ratio ν, and the dimensionless spin parameter χ i of each BH. Here, the "Newtonian" amplitude A is computed from the PN expansion of the frequency-domain amplitude A(f )/f −7/6 in (4.32) by truncating it in the leading PN ("Newtonian") order. This is a constant depending on the masses, spins, distance and orientation of the BBH relative to the observer, thus does not affect the match. The explicit expressions for the 3.5PN phase Ψ F2 3.5PN was derived in (4.35) and this is a sum of the standard non-absorption part Ψ F2 ∞ in (4.37) for the spinning point-particle binary and the BH-absorption part Ψ F2 H in (4.39) . In this analysis, the two arbitrary constants t c and Ψ c in Ψ 3.5PN can be specified as the time and GW phase when a BBH is coalescence, and we can set v reg = 1 without loss of generality.
We are interested in the (loss of) match between GW waveforms for BBHs with and without effects of BH absorption. For the match calculation, we therefore chose the TaylorF2 waveformsh H (f ; λ) with the complete 3.5PN phase Ψ .3) is the model for the PSD of the detector noise S h (f ). The analytical fits to the PSDs of existing and planned GW detectors are conveniently summarized in [149] . For Advanced LIGO, we use the fit to the PSD of its "zero-detuning, high-power" configuration [96] and we import this expression from (4.7) of [136] : , § § §In the spirit of proof-of-principle, we here ignore the orbital motion of LISA and consider only the single detector configuration. Such orbital motion generates the modulations to the waveforms. While the modulation in GW is irrelevant to our analysis, this is more important for the sky localization of the BBHs [150] . We also do not include the confusion noise components due to galactic and extragalactic binaries [15, 151] .
The optimization with respect to Ψ c and t c in the match (5.3) becomes trivial in the frequency domain when using only the dominant (2, 2) mode such as ours; in general, however, more sophisticated methods for computing the match are required when the GW signals include the higher harmonics as well [95, 152] . We compute the match by first maximizing it over unknown phase Ψ c analytically, making use of the complex matched-filter output [18] : We find that the computation (5.9) would be slightly challenging (particularly for supermassive BBHs observed by LISA), since its integrand becomes highly-oscillating functions with the high-mass ratio and high spins, and an increasingly high resolution is required to achieve convergence. We overcome this technical issue by computing (5.9) to use Maple's function NLPSolve with the appropriate numerical integration controls offered by Maple, in which a higher numerical precision can be easily achieved.
Results and discussion
Our main results are displayed in figure 3 for Advanced LIGO and figure 4 for LISA. In these figures, we considered the BBH configurations with initial aligned-spins χ 1 = χ 2 that range from 0.30 to 0.998, assuming that the initial total mass of BBHs are m = 60.0M ⊙ and m = 10 6 M ⊙ , respectively. For completeness, we here show two more groups of results for different BBH configurations.
The recent observation GW170104 [6] disfavors the aligned-spin configuration. Motivated by this measurement, the first group is concerned with BBHs with antialigned spins. Suppose BBH systems that have the same total-mass as those in figures 3 and 4 but have both anti aligned-spins χ 1,2 = {−0.30, −0.50, −0.70, −0.998}. We point out that mismatch for each templatex T with the reference GW signalh H for such BBHs with anti-aligned spins are smaller than that for corresponding aligned-spin BBHs with χ 1,2 = {+0.30, +0.50, +0.70, +0.998} by the factor of O(10). In fact, we find that all mismatch is below the 10 −3 mark for such anti-aligned-spin BBHs. It is therefore not significant even when the BBH is in the nearly anti-extremal limit χ 1,2 = −0.998.
We also consider the mismatch betweenx T andh H for different values of initial antialigned spin of the small BH χ 1 (labeled by '1'; m 1 ≥ m 2 ), while the spin of the large BH (labeled by '2') is assumed to be χ 2 = +0.90, in order to explore the asymmetric, anti-aligned spin configurations. The results for such BBHs with initial total masses m = 60.0M ⊙ that are observable by Advanced LIGO and for those with initial total masses m = 10 6 M ⊙ detected by LISA are summarized in figures 5 and 6, respectively. Notice that neglecting Ψ F2 BH,7 always produces the mismatch below the 10 −5 mark, which are not significant for all BBHs that are considered here. For this reason, we did not plot the corresponding mismatch in these figures. Figures 5 and 6 show that all mismatch except that from Ψ F2 SSS are dominated by the spin of the large BH χ 2 . The spin of the small BH χ 1 is largely irrelevant unless BBHs are almost equal-mass configurations ν 0.22, where none of mismatch are significant. This is an expected feature because the spin of the small BH is likely to be unimportant in the high mass-ratio regime. The mismatch from the neglect of Ψ The χ 1 -dependence of the match in the almost equal-mass regime, which is particularly pronounced for that from Ψ 3 ) for almost equal-mass BBHs; recall (4.38) . This explains why the dependence of χ 1 is the most visible for the asymmetric spin configuration χ 1 = −0.30, χ 2 = +0.90 in the almost equal-mass regime of these figures.
The second group considers the mismatch for each templatex T with the reference signalh H for different values of initial total masses m of BBHs, while initial alignedspins of BBHs are assumed to be χ 1,2 = 0.998. The results for BBHs that are observable Advanced LIGO and LISA are summarized in figures 7 and 8, respectively. Once again, the mismatch due to the neglect of Ψ F2 BH,7 is not plotted here; the resulting mismatch is always below the 10 −5 mark in both cases, and does not become significant. Figure 7 shows that all mismatch are largely independent of the total mass; the lower total-mass system produces larger mismatch, and the plotted mismatch are different from each other only by the factor of O(1). This is simply because the frequency range that we use for Advanced LIGO covers only the early inspiral phase in our analysis; recall that the upper cutoff frequency is chosen to be the relatively low frequency mf max = 0.018, largely motivated by the inspiral portion of the phenomenological "PhenomD" model [44] as well as that of the NINJA project [26, 28] . For BBHs with the total mass m/M ⊙ = {20.0, 40.0, 60.0, 80.0} considered in figure 7 , the cutoff frequencies mf min = 0.0035 and mf max = 0.018 are translated to f min ∼ {36.0, 18.0, 12.0, 10.0} Hz and f max ∼ {183.0, 91.0, 61.0, 46.0} Hz, respectively; the lower cutoff frequency for m = 80.0M ⊙ configuration is instead selected at f min = 10.0 Hz because the noise PSD below this frequency is not well characterized. We see that none of them reaches the minimum of the Advanced LIGO's noise PSD in (5.5), locating at f LIGO ∼ 250.0 Hz. Hence, the mismatch for m = 20.0M ⊙ configuration becomes largest as the frequency overlaps betweenx T andh H are in the Advanced LIGO's wider sensitivity band (and thus have more time to accumulate a phase difference). It should be noted that our conclusion of figure 7 is therefore valid only for this specific choice of the Advanced LIGO's frequency range. Indeed, we see that the mismatch for the LISA case plotted in figure 8 shows the different dependence on the total mass m. For example, the mismatch from Ψ F2 H,all for two configurations m = {10 5 , 10 6 }M ⊙ are almost identical to each other (within the orderof-magnitude) and is significant in the almost equal-mass regime ν 0.19, while that for the configuration m = 10 4 M ⊙ is smaller by the factor of O (10) . Recall that the templates used in the LISA case is terminated near the ISCO of Kerr spacetime, including the Hz, where LISA is most sensitive to the GW signals, each configuration covers quite different frequency range of the noise PSD. The fact that the m = 10 4 M ⊙ configuration always produces the smallest mismatch is a direct consequence of this; f LISA is only marginally covered for this configuration. 
